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Abstract
Conserved currents of any spin t > 0 built from symmetric massless
gauge fields of any integer spin s ≥ t in 4d Minkowski space are found.
In particular, stress-energy tensor for a higher-spin field of any spin is con-
structed. Analogously to spin-two stress (pseudo)tensor, currents considered
in this paper are not gauge invariant. However, they are shown to gener-
ate gauge invariant conserved charges. Besides expected parity even HS
currents, we found unexpected parity odd currents that generate less sym-
metries than the even ones. It is argued that these odd currents unlikely
admit a consistent AdS deformation.
1 Introduction
Conserved charges and currents play significant role in the field theory, being
responsible for the field symmetries. We consider the further investigation of this
problem is appropriate for a paper in honor of Andrei Alekseevich Slavnov, whose
wonderful scientific researches has been focused on different acpects of local and
global symmetries in quantum field theory (for example, [1, 2]).
Although conserved currents for higher-spin (HS) fields were extensively stud-
ied in the literature [3, 4, 5, 6, 7, 8, 9, 10], so far main attention was payed to
the gauge invariant currents. Generally a conserved current carries three spins
(t, s1, s2), where t is a spin of the current, while s1 and s2 are spins of fields from
which it is constructed. In this paper, we consider the case of s1 = s2 = s. For
example, stress tensor (t = 2) exists for matter fields of arbitrary spins s1 = s2 = s.
It is well known however, that for s = t = 2, the stress tensor is not gauge in-
variant, corresponding to the so-called gravitational stress pseudo-tensor [11]. As
shown by Deser and Waldron [7], for t = 2 analogous phenomenon occurs for all
massless fields of spins s > 2. t = 1 currents have similar property. The currents
with s < 1 are gauge invariant (in this case, for a trivial reason since a spin-zero
field has no gauge symmetry), while the spin-one current built from two massless
spin-one fields is not.
The aim of this paper is to present the full list of non-gauge invariant currents
with s ≥ t in 4d Minkowski space. Being non-gauge invariant, such currents may
not immediately lead to consistent higher-spin (HS) Noether current interactions
(For the related discussion of HS interactions we refer the reader to [12, 13] and
references therein.) On the other hand, non-gauge invariant currents give rise to
the gauge invariant conserved charges.
Surprisingly, we found more conserved currents that was originally anticipated.
Namely, besides expected parity even HS currents we found unexpected parity
odd currents. The latter generate less global symmetries than the even ones. As
discussed in more detail in Conclusion, the odd currents can unlikely admit a
consistent AdS deformation and probably correspond to some currents of mixed
symmetry fields in any dimension that amount to the symmetric fields at d = 4.
The construction of currents and charges may be important for the analysis
of black-hole physics in HS theory [14, 15]. To this end, however, the analysis of
this paper has to be generalized to AdS background geometry since nonlinear HS
gauge theory can only be formulated in a curved background (for a review and
more references see [4]). This problem will be considered elsewhere.
The paper is organized as follows. In Section 2, we recall the frame-like formu-
lation of massless fields in two-component spinor notation. In Section 3, non-gauge
invariant currents built from symmetric HS fields in 4d Minkowski space are found
and shown to give rise to the gauge invariant conserved charges. In Section 4,
1
further perspectives are briefly discussed.
Conventions
Greek indices µ, ν, ρ, λ, σ are base and run from 0 to 3. Other Greek indices are
spinorial and take values 1, 2. The latter are raised and lowered by the sp(2)
antisymmetric forms εαβ, ε
αβ, εα˙β˙, ε
α˙β˙ in the following way
εαβεαγ = δ
β
γ , ε
α˙β˙εα˙γ˙ = δ
β˙
γ˙ , (1)
Aα = A
βεβα, A
α = Aβε
αβ, Aα˙ = A
β˙εβ˙α˙, A
α˙ = Aβ˙ε
α˙β˙. (2)
Complex conjugation A¯ relates dotted and undotted spinors. Brackets ([...])
{...} imply complete (anti)symmetrization, i.e.,
A[αBβ] =
1
2
(AαBβ −AβBα) , A{αBβ} =
1
2
(AαBβ + AβBα). (3)
Aα(m) denotes a totally symmetric multispinor A{α1...αm}.
The wedge symbol ∧ is everywhere implicit.
2 4dmassless HS fields in the frame-like approach
In the metric-like formalism [16], an integer spin-s symmetric massless field is
described by a totally symmetric tensor ϕµ1...µs subject to the double tracelessness
condition ϕρ
ρ
λ
λ
µ5...µs = 0 which is nontrivial for s ≥ 4. The action is
S[ϕ] =
1
2
∫
d4x
(
∂νϕµ1...µs∂
νϕµ1...µs −
1
2
s(s− 1)∂νϕ
λ
λµ3...µs∂
νϕρ
ρµ3...µs
+ s(s− 1)∂νϕ
λ
λµ3...µs∂ρϕ
νρµ3...µs − s∂νϕ
ν
µ2...µs∂ρϕ
ρµ2...µs
−
1
4
s(s− 1)(s− 2)∂νϕ
νρ
ρµ4...µs∂λϕσ
λσµ4...µs
)
. (4)
Instead of deriving conserved currents from this action using the Noether’s
theorem, that requires finding corresponding HS symmetries, we will look for con-
served currents using the frame-like formulation where the HS metric-like field is
replaced by a frame field and a set of 1-form connections [17, 18]
s ≥ 2 : ϕµ1...µs → {ω
α(m)
,
β˙(n) | m+ n = 2(s− 1)} , ωα(m),
β˙(n) = dxµωµ
α(m)
,
β˙(n),
which are symmetric in all dotted and all undotted spinor indices and satisfy the
reality condition [18]
ω
†
α(m),β˙(n)
= ωβ(n),α˙(m). (5)
2
The frame-like field is a particular connection at n = m = s− 1
hµ
α(s−1)
,
β˙(s−1)dxµ := ωµ
α(s−1)
,
β˙(s−1)dxµ . (6)
By imposing appropriate constraints, the connections ωα(m),β˙(n) can be expressed
via t = 1
2
|m− n| derivatives of the frame field [18].
P -reflection of the x2 direction (A0, A1, A2, A3)→ (A0, A1,−A2, A3) is defined
as [18]
Pωα(m),β˙(n) = ωβ(n),α˙(m), P h˜α,β˙ = h˜β,α˙. (7)
Compared to Hermitian conjugation, the P -reflection does not affect an order of
product factors and a sign of the imaginary unit i.
Background gravity is described by the vierbein 1-form h˜α,
β˙ and 1-form con-
nections ω˜α˙β˙, ω˜αβ. Lorentz covariant derivative D˜ acts as usual
D˜Aα(m),
β˙(n) = dAα(m),
β˙(n) +mω˜αγA
α(m−1)γ
,
β˙(n) + nω˜β˙ δ˙A
α(m)
,
β˙(n−1)δ˙ (8)
for any multispinor Aα(m),β˙(n). The torsion and curvature 2-forms are
R˜α,
β˙ = D˜h˜α,
β˙ = dh˜α,
β˙ + ω˜αγ h˜
γ
,
β˙ + ω˜β˙ δ˙h˜
α
,
δ˙, (9)
R˜αβ = D˜ω˜αβ = dω˜αβ + 2ω˜αγω˜
βγ , R˜α˙β˙ = D˜ω˜α˙β˙ = dω˜α˙β˙ + 2ω˜α˙γ˙ω˜
β˙γ˙ . (10)
4d Minkowski space is described by the equations
R˜α,
β˙ = 0, R˜αβ = 0, R˜α˙β˙ = 0. (11)
Linearized HS curvatures are
Rα(m),
β˙(n) =D˜ωα(m),
β˙(n)+
+ nθ(m− n)h˜γ,
β˙ωγα(m),
β˙(n−1) +mθ(n−m)h˜α,δ˙ω
α(m−1)
,
β˙(n)δ˙, (12)
where
θ(x) =
{
1 at x ≥ 0;
0 at x < 0.
(13)
Free field equations for massless fields of spins s ≥ 2 in Minkowski space can
be written in the form [18]
Rα(m),
β˙(n) = 0 for n > 0, m > 0, n +m = 2(s− 1); (14)
Rα(m) = Cα(m)γδ h˜γ,θ˙ h˜δ,
θ˙ for m = 2(s− 1); (15)
Rβ˙(n) = C β˙(n)γ˙δ˙ h˜ϕ,γ˙ h˜
ϕ
,δ˙ for n = 2(s− 1). (16)
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They are equivalent to the equations of motion which follow from the action (4)
supplemented with certain algebraic constraints which express connections ωα(m),β˙(n)
via 1
2
|m − n| derivatives of the dynamical frame-like HS field. The multispinor
0-forms Cα(2s) and C β˙(2s), which remain non-zero on-shell, are spin-s analogues of
the Weyl tensor in gravity.
HS gauge transformation is
δωα(m),
β˙(n) = D˜ǫα(m),
β˙(n)
+ nθ(m− n)h˜γ,
β˙ǫγα(m) ,
β˙(n−1) +mθ(n−m)h˜α,δ˙ǫ
α(m−1)
,
β˙(n)δ˙, (17)
where a gauge parameter ǫα(m),
β˙(n)(x) is an arbitrary function of x.
3 Currents in Minkowski space
3.1 Problem setting
We will describe currents as Hodge dual differential forms. In these terms, the
on-shell closure condition for the latter is traded for the current conservation
condition. In this paper, we consider currents built from two HS connections
with s1 = s2 = s in d = 4 Minkowski space where a spin-t current is a 3-form
Jα(t−1),
β˙(t−1). Such a current will be shown to contain t derivatives of a spin-s
dynamical field for any s. We consider currents with 1 ≤ t ≤ s. Those with t > s
are built from the gauge invariant HS Weyl tensors and their derivatives and are
available in the literature [8, 10].
Conserved currents generate conserved charges. By the Noether theorem the
latter are generators of global symmetries. Hence, one should expect as many con-
served charges as global symmetry parameters. The latter can be identified with
those gauge symmetry parameters that leave the gauge fields invariant. Denoting
global symmetry parameters ξα(m),β˙(n)(x), from (17) it follows that they have to
obey the conditions
Dξα(m),
β˙(n) := D˜ξα(m),
β˙(n)
+ nθ(m− n)h˜γ,
β˙ξγα(m),
β˙(n−1) +mθ(n−m)h˜α,δ˙ξ
α(m−1)
,
β˙(n)δ˙ = 0 . (18)
For example, consider spin-two global symmetries with parameters ξα,
β˙, ξαα, ξβ˙β˙
which obey
D˜ξα,
β˙ + h˜γ,
β˙ξαγ + h˜α,δ˙ξ
β˙δ˙ = 0, D˜ξαα = 0, D˜ξβ˙β˙ = 0.
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In the Cartesian coordinate system this gives
dξα,
β˙ + h˜γ,
β˙ξαγ + h˜α,δ˙ξ
β˙δ˙ = 0, dξαα = 0, dξβ˙β˙ = 0.
The general solution of this system is
ξα,
β˙ = aα,
β˙ − xγ,
β˙bαγ − xα,δ˙c
β˙δ˙ , ξαα = bαα , ξβ˙β˙ = cβ˙β˙ .
where parameters aα,
β˙ , bαα, cβ˙β˙ are arbitrary constants which parametrize Poincare´
algebra. Analogously, for a spin s, there is as many global symmetry parameters
as the gauge parameters ǫα(m),β˙(n) with n+m = 2(s− 1).
To define a HS charge as an integral over a 3d space, we should find such a
current 3-form Jα(m),β˙(n)(x) built from dynamical HS fields that
Jξ(x) =
∑
n,m
ξα(m),β˙(n)(x)J
α(m)
,
β˙(n)(x), n+m = 2(t− 1) (19)
is closed by virtue of (18) and the HS field equations (14)-(16). This demands
Jα(m),β˙(n)(x) to obey the following conservation equation
D∗Jα(m),
β˙(n) := D˜Jα(m),
β˙(n) + (2t− n− 1)θ(n−m− 1)h˜γ,
β˙Jγα(m),
β˙(n−1)
+ (2t−m− 1)θ(m− n− 1)h˜α,δ˙J
α(m−1)
,
β˙(n)δ˙ ≃ 0 , (20)
where ≃ implies that the equality holds on-shell. Note, that as a consequence of
(20) the spin-t current Jα(t−1),
β˙(t−1) obeys the conventional conservation condition
D˜Jα(t−1),
β˙(t−1) ≃ 0. (21)
Taking into account that 3-form currents are related to the usual currents by the
Levi-Civita symbol εµνρσ which is parity-odd, we call the current Jα(t−1),β˙(t−1) even
if PJα(t−1),β˙(t−1) = −Jβ(t−1),α˙(t−1) and odd if PJα(t−1),β˙(t−1) = Jβ(t−1),α˙(t−1).
The derivatives D and D∗ are defined in such a way that
dJξ(x) =
∑
n,m
Dξα(m),β˙(n)(x)J
α(m)
,
β˙(n)(x) +
∑
n,m
ξα(m),β˙(n)(x)D
∗Jα(m),
β˙(n)(x) . (22)
This means that D and D∗ are mutually conjugated. We call D and D∗ adjoint
and co-adjoint derivatives, respectively, since they result from the restriction of
the respective derivatives of the flat contraction of the HS algebra to its Poincare´
subalgebra.
Eq. (22) implies that the charge
Qξ =
∫
M3
Jξ (23)
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is conserved by virtue of (18) and (20). As a result, there are as many conserved
charges Qξ as independent global symmetry parameters ξ. Conservation of cur-
rents does not imply that they are invariant under the gauge transformations (17).
However, as shown below, the gauge variation of Jξ is exact
δJξ(x) ≃ dHξ(x), (24)
so that the charge Qξ turns out to be gauge invariant.
Nontrivial charges are represented by the current Jξ(x) cohomology, i.e., closed
currents modulo exact ones Jξ ≃ dΨξ. Since the currents should be closed on-shell,
i.e., by virtue of the free field equations (14)-(16), analysis is greatly simplified by
the fact that all linearized HS curvatures Rα(m),
β˙(n) with m > 0, n > 0 are zero on
shell.
Thus, the problem is
(a) to find all 3-forms Jα(t−1),
β˙(t−1) built from the spin-s fields with 1 ≤ t ≤ s,
which are on-shell closed (i.e. obey (21)) but not exact;
(b) to find all 3-forms Jα(m),
β˙(n), m 6= n, m+ n = 2(t− 1), that obey (20);
(c) to check that Jα(t−1),
β˙(t−1) are Hermitian (Jα(t−1),
β˙(t−1))† = Jβ(t−1),
α˙(t−1);
(d) to check that the HS charges are gauge invariant.
Consider first some examples.
3.2 Examples
3.2.1 Spin-one current
The spin-one current J carries no indices and generalizes the standard current
built from the complex scalar field jµ = ϕ∂µϕ
∗ − ϕ∗∂µϕ to massless fields of any
integer spin containing one derivative of the spin-s dynamical field. As usual, to
construct nontrivial spin-one current a color index is needed, i.e., HS connections
ωi;α(m),
β˙(n) are endowed with an additional index i = 1 . . . N which labels indepen-
dent dynamical fields. To contract color indices, we introduce the real matrix cij
which can be either symmetric, cij = cji, or antisymmetric, cij = −cji.
Consider a 3-form
J = cij [ω
i;ϕγ(s−2)
,
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)θ˙ + ω
i;ϕγ(s−1)
,
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)θ˙]h˜ϕ,
θ˙. (25)
Note that the anticommutativity of the background vierbein 1-forms
h˜α,
β˙h˜γ,
δ˙ = −h˜γ,
δ˙h˜α,
β˙ (26)
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implies that
h˜α,β˙h˜γ,δ˙ = ǫαγH¯β˙δ˙ + ǫβ˙δ˙Hαγ , (27)
where
Hαβ =
1
2
h˜α,γ˙h˜β,
γ˙ , H¯α˙β˙ =
1
2
h˜γ,α˙h˜
γ
,β˙ (28)
provide a basis of 2-forms in 4d Minkowski space.
Using (27) and (28), the direct computation gives
dJ = cij [R
i;ϕγ(s−2)
,
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)θ˙h˜ϕ,
θ˙ − ωi;ϕγ(s−2),
δ˙(s−1)Rj;γ(s−2),δ˙(s−1)θ˙h˜ϕ,
θ˙
− Ri;ϕγ(s−1),
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)θ˙h˜ϕ,
θ˙ − ωi;ϕγ(s−1),
δ˙(s−2)Rj;γ(s−1),δ˙(s−2)θ˙h˜ϕ,
θ˙
+ s(ωi;γ(s−2),
δ˙(s−1)ψ˙ωj;γ(s−2),δ˙(s−1)θ˙H¯ψ˙
θ˙ + ωi;ϕγ(s−1),
δ˙(s−2)ωj;χγ(s−1),δ˙(s−2)Hχϕ)
− (s− 2)(ωi;ϕγ(s−3),
δ˙(s)ωj;χγ(s−3),δ˙(s)H
χ
ϕ + ω
i;γ(s)
,
δ˙(s−3)ψ˙ωj;γ(s),δ˙(s−3)θ˙H¯ψ˙
θ˙)]. (29)
For s > 2 the curvature-dependent terms vanish by virtue of Eq. (14). For
s = 2 Rα(2) = Cα(2)γδ h˜γ,θ˙ h˜δ,
θ˙ and Rβ˙(2) = C β˙(2)γ˙δ˙ h˜ϕ,γ˙ h˜
ϕ
,δ˙. In this case, the
C-dependent terms also vanish because antisymmetrization over any three two-
component indices gives zero. For example
X := ωϕ,δ˙Cδ˙χ˙θ˙ψ˙h˜γ,
χ˙h˜γ,
ψ˙h˜ϕ,
θ˙ = 0, (30)
because the antisymmetrization of three undotted spinor indices occurs due to the
anticomutativity of the 1-forms h˜γ,γ˙.
As a result, we obtain
dJ ≃ cij[s(ω
i;γ(s−2)
,
δ˙(s−1)ψ˙ωj;γ(s−2),δ˙(s−1)θ˙H¯ψ˙
θ˙+ωi;ϕγ(s−1),
δ˙(s−2)ωj;χγ(s−1),δ˙(s−2)Hχϕ)
− (s− 2)(ωi;ϕγ(s−3),
δ˙(s)ωj;χγ(s−3),δ˙(s)H
χ
ϕ + ω
i;γ(s)
,
δ˙(s−3)ψ˙ωj;γ(s),δ˙(s−3)θ˙H¯ψ˙
θ˙)], (31)
which is zero if cij is antisymmetric. J is Hermitian, J
† = J , if cij is antisymmetric.
To prove that J is not exact consider an on-shell improvement dΨ with a 2-
form Ψ containing no derivatives of the dynamical HS field to give rise to a current
with one derivative. There is just one such form with antisymmetric cij
Ψ = cijω
i;γ(s−1)
,
δ˙(s−1)ωj;γ(s−1),δ˙(s−1) .
This gives
dΨ ≃ −2(s− 1)cij(−ω
i;ϕγ(s−2)
,
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)θ˙h˜ϕ,
θ˙
+ ωi;ϕγ(s−1),
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)θ˙h˜ϕ,
θ˙).
Since the two terms in (25) have the same signs, the 3-form J is closed, but
not exact, thus, representing the on-shell current cohomology.
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3.2.2 Spin-two current
The spin-two current is represented by the 3-form
Jα,
β˙ = 2cijω
i;αϕγ(s−2)
,
δ˙(s−2)ωj;γ(s−2),δ˙(s−2)θ˙
β˙h˜ϕ,
θ˙ , (32)
which carries two derivatives of the HS field. Like in the spin-one case, discarding
the curvature-dependent terms (for s = 2, C-dependent terms vanish like in (30)),
the direct computation gives
D˜Jα,
β˙ ≃ 0 (33)
regardless of the symmetry properties of cij .
To see that the 3-form Jα,
β˙ is not exact we observe that the only appropriate
2-forms are
Ψ1
α
,
β˙ = cijω
i;αγ(s−2)
,
δ˙(s−1)ωj;γ(s−2),δ˙(s−1)
β˙,
Ψ2
α
,
β˙ = cijω
i;αγ(s−1)
,
δ˙(s−2)ωj;γ(s−1),δ˙(s−2)
β˙.
An elementary computation gives
D˜Ψ1
α
,
β˙ ≃ cij [−ω
i;γ(s−2)
,
δ˙(s−1)θ˙ωj;γ(s−2),δ˙(s−1)
β˙h˜α,θ˙
− (s− 2)ωi;αγ(s−3),
δ˙(s−1)θ˙ωj;ϕγ(s−3),δ˙(s−1)
β˙h˜ϕ,θ˙
− (s− 1)ωi;αϕγ(s−2),
δ˙(s−2) − ωj;γ(s−2),δ˙(s−2)θ˙
β˙h˜ϕ,
θ˙
− (s− 2)ωi;αϕγ(s−3),δ˙(s−1)ωj;γ(s−3),δ˙(s−1)
θ˙β˙ h˜ϕ,θ˙],
D˜Ψ2
α
,
β˙ ≃ cij [−(s− 2)ω
i;αϕγ(s−1)
,
δ˙(s−3)ωj;γ(s−1),δ˙(s−3)θ˙
β˙h˜ϕ,
θ˙
− ωi;αγ(s−1),
δ˙(s−2)ωj;ϕγ(s−1),δ˙(s−2)h˜ϕ,
β˙
− (s− 2)ωi;αγ(s−1),
δ˙(s−3)θ˙ωj;ϕγ(s−1),δ˙(s−3)
β˙h˜ϕ,θ˙
− (s− 1)ωi;αϕγ(s−2),
δ˙(s−2)ωj;γ(s−2),δ˙(s−2)
θ˙β˙ h˜ϕ,θ˙].
Jα,
β˙ (32) is not a linear combination of D˜Ψ1
α
,
β˙ and D˜Ψ2
α
,
β˙ since the latter con-
tain different terms like cijω
i;αγ(s−1)
,
δ˙(s−2)ωj;ϕγ(s−1),δ˙(s−2)h˜ϕ,
β˙ not present in (32).
(Although by antisymmetrization of some three two-component indices it is possi-
ble to reshuffle spinor indices in this term, still D˜Ψ1
α
,
β˙ and D˜Ψ2
α
,
β˙ contain extra
terms compared to (32).)
This leads to a surprising result that there are two independent Hermitian
conserved currents (32) J+
α
,
β˙ = Jα,
β˙ with cij = cji and J−
α
,
β˙ = iJα,
β˙ with
cij = −cji.
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Consider first the current Jα+,
β˙ which is even because PJ+
α
,
β˙ = −J+
β
,
α˙. For
J+
α
,
β˙ equations (20) give
D∗J
β˙β˙
+ = h˜γ,
β˙J+
γ
,
β˙ + D˜J β˙β˙+ ≃ 0, (34)
D∗Jαα+ = h˜
α
,δ˙J+
α
,
δ˙ + D˜Jαα+ ≃ 0 . (35)
These equations are solved by
J
β˙β˙
+ = 2cijω
i;ϕγ(s−2)
,
δ˙(s−2)β˙ωj;γ(s−2),δ˙(s−2)θ˙
β˙h˜ϕ,
θ˙, (36)
Jαα+ = 2cijω
i;αϕγ(s−2)
,
δ˙(s−2)ωj;αγ(s−2),δ˙(s−2)θ˙h˜ϕ,
θ˙. (37)
Indeed, direct computation with the aid of (26) gives on shell
D˜J
β˙β˙
+ ≃ 2cij[sω
i;γ(s−2)
,
δ˙(s−2)ψ˙β˙ωj;γ(s−2),δ˙(s−2)θ˙
β˙H¯ψ˙
θ˙
−(s−2)ωi;ϕγ(s−3),
δ˙(s−1)β˙ωj;χγ(s−3),δ˙(s−1)
β˙Hχϕ−ω
i;ϕχγ(s−2)
,
δ˙(s−2)ωj;γ(s−2),δ˙(s−2)θ˙
β˙h˜χ,
β˙h˜ϕ,
θ˙].
Here the first two terms vanish for symmetric cij . As a result,
D˜J
β˙β˙
+ ≃ −2cijω
i;ϕχγ(s−2)
,
δ˙(s−2)ωj;γ(s−2),δ˙(s−2)θ˙
β˙ h˜χ,
β˙h˜ϕ,
θ˙ = h˜χ,
β˙J+
χ
,
β˙.
Analogously, Jαα+ (37) satisfies Eq. (35).
Thus, the even conserved current J+
α
,
β˙ (32) with symmetric cij gives rise to
the closed current Jξ that generates the full set of spin-two charges for fields of
any spin s ≥ 2. This current exists for s ≥ 2 and corresponds to the stress tensors
for HS fields, which are the frame-like counterparts of those considered in [7].
Consider now the odd current J−
α
,
β˙ . One can see that in this case Eqs. (20)
admit no solutions. As a result, the charge conservation condition demands ξαα =
0, ξβ˙β˙ = 0. The conserved charge is
Qξ =
∫
M3
ξα,β˙J−
α
,
β˙ , (38)
where ξα,β˙ satisfies
D˜ξα,β˙ = 0 , (39)
hence being a constant in Cartesian coordinates. Thus, the odd current J−
α
,
β˙
generates less charges than J+
α
,
β˙.
For example, in tensor notations, the odd current for s = t = 2 reads as
Ja = cij [ω
i;mnωj;mne˜
a − 4ωi;anωj;mne˜
m],
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where cij is antisymmetric.
The existence of odd conserved currents is surprising. Analogous “unexpected”
currents are shown in the next section to exist for all higher spin of currents with
t > 2 in Minkowski space. In Conclusion we argue that the odd currents only exist
in Minkowski space and unlikely admit an extension to AdS4.
3.3 General case
For t ≥ 1, a conserved current Jα(t−1),
β˙(t−1) for s ≥ 2, s ≥ t, that carries t deriva-
tives of the HS field, is
Jα(t−1),
β˙(t−1) = cij[ω
i;α(t−1)ϕγ(s−2)
,
δ˙(s−t)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙
+ ωi;α(t−1)ϕγ(s−t),
δ˙(s−2)ωj;γ(s−t),δ˙(s−2)θ˙
β˙(t−1)h˜ϕ,
θ˙]. (40)
Analogously to the case of t = 2, it is not difficult to see that D˜Jα(t−1) ,
β˙(t−1) ≃ 0
regardless of the symmetry of cij. For t = s− 1, the terms with Weyl-like tensors
vanish like in the example (30). The proof of the fact that the current Jα(t−1),
β˙(t−1)
(40) is not exact regardless of the symmetry of cij is straightforward but technically
involved. The details are given in Appendix.
Analogously to the case of t = 2 (32) there are two different Hermitian con-
served currents J+
α(t−1)
,
β˙(t−1) = Jα(t−1) ,
β˙(t−1), where cij is (anti)symmetric for
(odd)even t, and J−
α(t−1)
,
β˙(t−1) = iJα(t−1),
β˙(t−1), where cij is (anti)symmetric for
(even)odd t. Note, that Eq. (40) at t = 2 gives Jα,β˙+ (32).
Consider the even current J+
α(t−1)
,
β˙(t−1). To reconstruct the current Jξ we have
to solve the system of equations (20). Using equations (14) - (16) one can see that
the following set of 3-forms J+
α(m)
,
β˙(n), m 6= n,m+ n = 2(t− 1) gives a solution
J+
α(m)
,
β˙(n) = θ(n−m−4) g(n) cijω
i;α(m)ϕγ(s−2)
,
δ˙(s−t)β˙(n−t+1)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙
+ δn,t cij [2(t− 1)ω
i;α(m)ϕγ(s−2)
,
δ˙(s−t)β˙ωj;γ(s−2),δ˙(s−t)θ˙
β˙(n−1)h˜ϕ,
θ˙
+
t−2∑
p=1
f(p)ωi;α(m)ϕγ(s−p−1),
δ˙(s−t+p)ωj;γ(s−p−1),δ˙(s−t+p)
β˙(n−1)h˜ϕ,
β˙]
+ θ(m− n− 4) g(m) cijω
i;α(t−1)ϕγ(s−t)
,
δ˙(s−2)ωj;α(m−t+1)γ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙
+ δm,t cij [2(t− 1)ω
i;α(m−1)ϕγ(s−t)
,
δ˙(s−2)ωj;αγ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙
+
t−2∑
p=1
f(p)ωi;α(m−1)γ(s−t+p),
δ˙(s−p−1)ωj;γ(s−t+p),δ˙(s−p−1)
θ˙β˙(n)h˜α,θ˙], (41)
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where
g(m) =
2(t− 1)!
(2t−m− 2)!(m− t + 1)!
, m ≥ t + 1, (42)
f(1) =
t− 1
s− t+ 1
, f(p) = (t− 1)
(s− t)!(s− p)!
(s− 3)!(s− t+ p)!
, p > 1. (43)
It should be stressed, that the forms J
β˙(2t−2)
+ , J
α(2t−2)
+ obey equations (20) only if
cij is antisymmetric for odd t and symmetric for even t.
Thus, the Hermitian current 3-form J+
α(t−1)
,
β˙(t−1) (40) with antisymmetric cij
for odd t and symmetric for even t is on-shell closed, but not exact. It generates
the closed current Jξ and the corresponding conserved charge Qξ =
∫
M3
Jξ that
contains as many symmetry parameters as local HS gauge symmetries.
Since the current Jα(t−1),
β˙(t−1) (40) is closed but not exact regardless of the
symmetry of cij, the odd Hermitian current with symmetric cij for odd t and
antisymmetric for even is J−
α(t−1)
,
β˙(t−1) = iJα(t−1),
β˙(t−1). Odd currents exist for
t ≥ 2. To reconstruct Jξ we have to solve equations (20). It turns out that these
equations is possible to solve at m 6= 2(t− 1), n 6= 2(t− 1), m+ n = 2(t− 1). The
solution is expressed by J−
α(m)
,
β˙(n) = iJ+
α(m)
,
β˙(n) (41), but cij is antisymmetric
for even t and symmetric for odd t. However the equations admit no solution at
the last step, i.e., for J
β˙(2t−2)
− and J
α(2t−2)
− . Hence, as in the example of t = 2, the
charge conservation condition demands ξα(2t−2) = 0, ξβ˙(2t−2) = 0. Since Eq. (18)
admits less solutions, the odd currents generate less charges than the even ones.
3.4 Gauge transformations
The on-shell gauge variation of the current 3-form (40) can be represented in the
form
δJα(t−1),
β˙(t−1) ≃ cijD˜[ǫ
i;α(t−1)ϕγ(s−2)
,
δ˙(s−t)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙
+ ωi;α(t−1)ϕγ(s−2),
δ˙(s−t)ǫj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙
+ ǫi;α(t−1)ϕγ(s−t) ,
δ˙(s−2)ωj;γ(s−t),δ˙(s−2)θ˙
β˙(t−1)h˜ϕ,
θ˙
+ ωi;α(t−1)ϕγ(s−t),
δ˙(s−2)ǫj;γ(s−t),δ˙(s−2)θ˙
β˙(t−1)h˜ϕ,
θ˙] = D˜Hα(t−1),
β˙(t−1). (44)
Analogously, the on-shell gauge variation of the 3-forms (41) is
δJ+
α(m)
,
β˙(n) ≃ D∗Hα(m),
β˙(n), m 6= n, (45)
δJ−
α(m)
,
β˙(n) ≃ iD∗Hα(m),
β˙(n), m 6= n, m 6= 2(t− 1), n 6= 2(t− 1) . (46)
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The 2-form Hα(m),
β˙(n) is
Hα(m),
β˙(n) = θ(n−m−4) g(n) cij [ǫ
i;α(m)ϕγ(s−2)
,
δ˙(s−t)β˙(n−t+1)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙
+ ωi;α(m)ϕγ(s−2),
δ˙(s−t)β˙(n−t+1)ǫj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙]
+ δn,t cij[2(t− 1)ǫ
i;α(m)ϕγ(s−2)
,
δ˙(s−t)β˙ωj;γ(s−2),δ˙(s−t)θ˙
β˙(n−1)h˜ϕ,
θ˙
+ 2(t− 1)ωi;α(m)ϕγ(s−2),
δ˙(s−t)β˙ǫj;γ(s−2),δ˙(s−t)θ˙
β˙(n−1)h˜ϕ,
θ˙
+
t−2∑
p=1
f(p)ǫi;α(m)ϕγ(s−p−1),
δ˙(s−t+p)ωj;γ(s−p−1),δ˙(s−t+p)
β˙(n−1)h˜ϕ,
β˙
+
t−2∑
p=1
f(p)ωi;α(m)ϕγ(s−p−1),
δ˙(s−t+p)ǫj;γ(s−p−1),δ˙(s−t+p)
β˙(n−1)h˜ϕ,
β˙]
+ θ(m− n− 4) g(m) cij[ǫ
i;α(t−1)ϕγ(s−t)
,
δ˙(s−2)ωj;α(m−t+1)γ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙
+ ωi;α(t−1)ϕγ(s−t),
δ˙(s−2)ǫj;α(m−t+1)γ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙]
+ δm,t cij [2(t− 1)ǫ
i;α(m−1)ϕγ(s−t)
,
δ˙(s−2)ωj;αγ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙
+ 2(t− 1)ωi;α(m−1)ϕγ(s−t),
δ˙(s−2)ǫj;αγ(s−t),δ˙(s−2)θ˙
β˙(n)h˜ϕ,
θ˙
+
t−2∑
p=1
f(p)ǫi;α(m−1)γ(s−t+p) ,
δ˙(s−p−1)ωj;γ(s−t+p),δ˙(s−p−1)
θ˙β˙(n)h˜α,θ˙
+
t−2∑
p=1
f(p)ωi;α(m−1)γ(s−t+p),
δ˙(s−p−1)ǫj;γ(s−t+p),δ˙(s−p−1)
θ˙β˙(n)h˜α,θ˙], (47)
where m+ n = 2(t− 1).
As a result, the gauge transformation of Qξ is
δQξ ≃
∫
M3
∑
m,n
ξα(m),β˙(n)D
∗Hα(m),
β˙(n)
=
∫
M3
d
(∑
m,n
ξα(m),β˙(n)H
α(m)
,
β˙(n)
)
=
∫
M3
dHξ = 0. (48)
Thus, though the current Jξ is not gauge invariant, the corresponding charge is.
4 Conclusion
In this paper, spin-t HS even currents J+
α(t−1)
,
β˙(t−1) in four-dimensional Minkowski
space, built from spin-s (s ≥ t) fields and carrying t derivatives (which is the min-
imal possible number), are found. Being represented as 3-forms, Jα(t−1),
β˙(t−1) are
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closed but not exact, hence leading to nontrivial HS charges. To generate the
full list of conserved charges, Jα(t−1) ,
β˙(t−1) (40) was extended to a set of currents
Jα(m),
β˙(n) with m+n = 2(t−1) that altogether obey the co-adjoint covariant con-
stancy condition and form a full current Jξ that depends on the global symmetry
parameters ξ.
Analogously to the case of stress tensor (t = 2) considered in [7], the con-
structed currents are not invariant under the HS gauge transformations. However,
the corresponding HS charges are gauge invariant because the gauge variation δJξ
is exact.
In addition to the expected set of P -even currents related to usual HS symme-
tries we found an unexpected set of spin t > 1 P -odd currents which have opposite
symmetry with respect to the color indices carried by HS fields compared to the
normal P -even currents. The origin of these currents is rather mysterious. We
expect that beyond four dimensions they should correspond to currents of some
mixed symmetry fields that become equivalent to symmetric fields in the particular
case of four dimensions. A related property is that the odd currents can unlikely
survive upon the deformation of Minkowski space to AdS4. This follows from the
fact that, as shown in this paper, the space of global symmetry parameters asso-
ciated with the odd currents is smaller than for even currents. Such a reduction
is possible in Minkowski geometry where HS connections are valued in a inde-
composable module of the Poincare´ algebra allowing a reduction to a submodule.
However, it cannot be possible in the AdS geometry where the AdS4 symmetry
sp(4) is simple and HS connections are valued in its irreducible modules for any
given spin. In fact, this argument fits the property that mixed symmetry fields
in (anti-)de Sitter and Minkowski spaces are essentially different [19, 20] in the
sense that (A)dS mixed symmetry fields contain more degrees of freedom than
the Minkowski ones that obstructs a smooth (A)dS deformation of the currents
associated with mixed symmetry fields.
It would be interesting to generalize obtained results to currents built from
fields of different spins and/or of the connection-Weyl (i.e., ω × C) type. For
example, in the case of t = s = 1, the current is
J = icij [ω
iCj;ααHαα − ω
iCj;β˙β˙H¯β˙β˙],
where cij is antisymmetric.
To make it possible to use HS charges for the analysis of particular solutions of
nonlinear HS gauge theory, it is important to generalize the constructed currents to
(A)dS background, which problem is currently under investigation. As mentioned
above, it is also interesting to clarify the fate of odd HS currents in AdS4.
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Appendix. Non-exactness of Jα(t−1),β˙(t−1)
To check whether or not the current (40) can be represented in the exact form we
set
Jα(t−1) ,
β˙(t−1) = Φ1
α(t−1)
,
β˙(t−1) + Φ2
α(t−1)
,
β˙(t−1). (49)
Φ1
α(t−1)
,
β˙(t−1) = cijω
i;α(t−1)ϕγ(s−2)
,
δ˙(s−t)ωj;γ(s−2),δ˙(s−t)θ˙
β˙(t−1)h˜ϕ,
θ˙,
Φ2
α(t−1)
,
β˙(t−1) = cijω
i;α(t−1)ϕγ(s−t)
,
δ˙(s−2)ωj;γ(s−t),δ˙(s−2)θ˙
β˙(t−1)h˜ϕ,
θ˙,
A basis in the space of 2-forms, which are bilinear in fields, is
Ψα(t−1),
β˙(t−1)(k, l) = cijω
i;α(t−l−1)γ(s−k)
,
δ˙(s−t+k−1)β˙(l)ωj;α(l)γ(s−k),δ˙(s−t+k−1)
β˙(t−l−1).
The choice of k, l is restricted by the condition that Ψα(t−1),
β˙(t−1)(k, l) contains
(t− 1) derivatives of the dynamical field.
A current is exact if Jα(t−1),
β˙(t−1) ≃
∑
k,l
aklD˜Ψ
α(t−1)
,
β˙(t−1)(k, l). It is not difficult
to check, that the forms D˜Ψα(t−1),
β˙(t−1)(k, l) with l 6= 0 cannot contribute because
they give rise to non-vanishing terms different from Φ1,2
α(t−1)
,
β˙(t−1). Thus, the cur-
rent (49) should necessarily contain D˜Ψα(t−1),
β˙(t−1)(2, 0) and D˜Ψα(t−1),
β˙(t−1)(t− 1, 0)
because among the forms with l = 0 only these contain Φ1,2
α(t−1)
,
β˙(t−1).
Let us try to construct the possible improvement (coefficients are not important
and denoted as ai > 0)
Iα(t−1),
β˙(t−1) = −a1D˜Ψ
α(t−1)
,
β˙(t−1)(2, 0) + . . . . (50)
The on-shell differential of Ψα(t−1),β˙(t−1)(2, 0) is
− D˜Ψα(t−1),
β˙(t−1)(2, 0) ≃
≃ (s−t+1)Φ1
α(t−1)
,
β˙(t−1)−(s−2)cijω
i;α(t−1)ϕγ(s−3)
,
δ˙(s−t+1)ωj;γ(s−3),δ˙(s−t+1)ψ˙
β˙(t−1)h˜ϕ,
ψ˙].
The second term can be subtracted by
D˜Ψα(t−1),
β˙(t−1)(3, 0) ≃
≃ cij [−(s− t+ 2)ω
i;α(t−1)ϕγ(s−3)
,
δ˙(s−t+1)ωj;γ(s−3),δ˙(s−t+1)ψ˙
β˙(t−1)h˜ϕ,
ψ˙+
+ (s− 3)ωi;α(t−1)ϕγ(s−4),
δ˙(s−t+2)ωj;γ(s−4),δ˙(s−t+2)ψ˙
β˙(t−1)h˜ϕ,
ψ˙]
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and so on. As a result,
Iα(t−1),
β˙(t−1) = −a1D˜Ψ
α(t−1)
,
β˙(t−1)(2, 0)−
− a2D˜Ψ
α(t−1)
,
β˙(t−1)(3, 0)− . . .− anD˜Ψ
α(t−1)
,
β˙(t−1)(t− 1, 0) ≃
≃ Φ1
α(t−1)
,
β˙(t−1) − Φ2
α(t−1)
,
β˙(t−1) (51)
and Iα(t−1),
β˙(t−1) 6= Jα(t−1),
β˙(t−1) for cij of any symmetry.
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